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We study the physics of quantum phase transitions from the perspective of non-equilibrium thermodynamics.
For first order quantum phase transitions, we find that the average work done per quench in crossing the critical
point is discontinuous. This leads us to introduce the quantum latent work in analogy with the classical latent
heat of first order classical phase transitions. For second order quantum phase transitions the irreversible work
is closely related to the fidelity susceptibility for weak sudden quenches of the system Hamiltonian. We demon-
strate our ideas with numerical simulations of first, second, and infinite order phase transitions in various spin
chain models.
I. INTRODUCTION
Classical phase transitions are driven by a multitude of
mechanisms such as particle or heat exchange with a reser-
voir [1]. A characteristic trait of first order classical phase
transition, e.g. water turning into ice, is an exchange of
heat between the system and reservoir at constant temperature
called the latent heat; this is the energy needed to go from one
state of matter to another [2]. This can be made explicit if we
consider the free energy F = U − TS which has a discon-
tinuous derivative at the first order critical point, implying a
discontinuity in entropy since S = −∂F∂T . Therefore we also
have a discontinuity in internal energy which is the latent heat
∆U = T∆S = Qlatent.
Quantum phase transitions (QPTs), on the other hand, oc-
cur at zero temperature and are driven by changes in the sys-
tem Hamiltonian, i.e., by extracting or performing work on
the system [3]. Here, we recast QPTs in the framework of
non-equilibrium thermodynamics [4–8] and show that the av-
erage and irreversible work can be made vanishingly small
in the vicinity of a first order QPT, therefore we show that
there is no correspondence with classical latency. Thus there
is no quantum latent work associated with equilibrium first
order quantum phase transitions. However, an actual transi-
tion between two phases separated by a first oder transition
is forbidden by the hamiltonian dynamics and thus requires
the presence of an external bath which allows one phase to be
converted into the other. The bath absorbs the excess work as
a heat transfer from the system and hence latency is found as
a nonequilibrium property.
In this article we consider the work done on a quantum sys-
tem when it is taken across the critical point of a QPT by an
infinitesimal-instantaneous change of its Hamiltonian. The
sudden quench simplifies our analysis to give a transparent
interpretation of the essential physics without loss of gener-
ality. Our method relies on quantifying the non-equilibrium
work by analyzing the moments of the quantum work distri-
bution. This approach has recently been used to provide in-
sight into both the thermodynamic and universal features of
quantum many-body systems [9–18]. In particular, it was re-
cently shown that for a zero-temperature quantum system un-
dergoing a sudden quench, the first and second derivatives of
the ground state energy with respect to the quench parameter
are closely related to the average work and irreversible work
respectively [19]. Building on this result, we show how the
work distribution captures the non-analyticity of the ground
state energy in first order QPTs and to the order parameter and
susceptibility of the model in second order QPTs. We support
our findings with numerical simulations of the first, second,
and infinite order QPTs in the XXZ spin chain, which maps
to a model of interacting fermions [20].
II. PURE STATE THERMODYNAMICS
We consider a quantum system with the Hamiltonian
H(λ) = Hfree + λV , where λ is an external parameter con-
trolling the strength of the perturbing potential V . For t < 0
the control parameter is held at a fixed initial value λ = λi
and the system is coupled to a reservoir at zero-temperature.
We make two assumptions, (i) the ground state to be non-
degenerate which can always be assumed for real systems in
which small imperfections and disorder naturally break de-
generacy and (ii) even though absolute zero temperature is not
feasible it is a fair representative of currently attainable low
temperature physics [21, 22]. Upon equilibration, the system
reaches its ground state, defined by H(λi)|ψ0〉 = E0(λi)|ψ0〉
where E0(λi) denotes the ground state energy. The control
parameter is instantaneously quenched to a final value λf giv-
ing the Hamiltonian H(λf) =
∑
mEm(λf)|φm〉〈φm| where
Em(λf) are the energy eigenvalues of the final Hamiltonian
and {|φm〉} are the corresponding eigenstates.
The work done on the system is defined as the differ-
ence between the initial energy of the system and the out-
come of an energy measurement performed in the eigenba-
sis of the final Hamiltonian, i.e., Wm = Em(λf) − E0(λi),
where the outcomeEm(λf) is obtained with probability pm =
|〈ψ0|φm〉|2. Accordingly, the quantum work distribution,
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2which encodes the full statistics of work, is given by [4–7]
P (W ) =
∑
m pm δ (W −Wm), which has a direct connec-
tion to the Loschmidt echo [9].The first moment of the work
distribution gives the average work done;
〈W 〉 =
∫
WP (W )dW
=〈ψ0|H(λf)|ψ0〉 − 〈ψ0|H(λi)|ψ0〉
=(λf − λi)〈ψ0|V |ψ0〉 = δλ∂E0
∂λ
∣∣∣∣
λi
, (1)
where the last equality follows from V = ∂H/∂λ, the
Hellmann-Feynman relation [23], and we define δλ = λf−λi.
The average work is bounded from below by the Clausius
statement of the second law [24]. At zero temperature, this
requires that 〈W 〉 ≥ ∆U with ∆U = E0(λf) − E0(λi) de-
noting the change in internal energy. The Clausius inequality
is saturated for completely adiabatic evolution. However, for
general quenches the system can become excited, thereby dis-
sipating work. This leads to the definition of the irreversible
work 〈Wirr〉 = 〈W 〉−∆U as a measure of the non-adiabiticity
of the quench [25]. For a weak quench, λf − λi = δλ  1,
the irreversible work can be expanded in powers of the small
parameter δλ, thus,
〈Wirr〉 = δλ∂E0
∂λ
∣∣∣∣
λi
− E0(λi + δλ) + E0(λi)
≈ −δλ
2
2
∂2E0
∂λ2
∣∣∣∣
λi
. (2)
III. UNIVERSAL FEATURES OF QPTS
Zero temperature quantum systems in the thermodynamic
limit undergo a phase transition when a Hamiltonian parame-
ter is tuned through a point of non-analyticity in the deriva-
tives of the ground state energy [3]. For first order QPTs
this non-analyticity takes the form of a level crossing, while
for second order QPTs the critical point occurs at an avoided
crossing (see Fig. 1 for a graphical illustration). Owing to this
universal behavior, we need only consider a minimal model
incorporating a level crossing and an avoided crossing for our
investigation of the thermodynamics of QPTs. We therefore
choose the Landau-Zener model, describing a single two level
system with energy splitting ∆ and coupling  within an ex-
ternally tunable magnetic field of strength λ. The relevant
Hamiltonian is
HLZ =
(
−∆
2
+ aλ
)
σz + σx, (3)
where σα is a spin-1/2 Pauli matrix with α = {x, y, z} and
a measures the strength of the coupling between the two-
level system and the magnetic field. The ground state en-
ergy of the Hamiltonian in Eq. (3) is easily found to be
E0 = − 12
√
42 + (∆− 2aλ)2. The first and second deriva-
tives of the ground state energy with respect to the control
parameter are then
∂E0
∂λ
=
a(∆− 2aλ)√
42 + (∆− 2aλ)2 , (4)
∂2E0
∂λ2
= − 8a
22
(42 + (∆− 2aλ)2)3/2
. (5)
Hence, combining Eq. (4) with Eq. (1), we are able to eval-
uate the average work induced by a sudden quench of the
external field in the Landau-Zener model. We approximate
an adiabatic change in the external parameter by considering
weak sudden quenches, i.e., taking λi to λf = λi + δλ. In
the level crossing scenario ( = 0, see Fig. 1), analogous to
a first order QPT, the average work done per quench is, thus,
〈W 〉/δλ = a for λf < λc and 〈W 〉/δλ = −a for λi > λc,
where λc = ∆/(2a) is the critical value of the external field.
Evidently, the average work per quench exhibits a discontinu-
ity at the critical point of magnitude
w = 2a. (6)
This discontinuity is a general feature of the level crossing
and, therefore, a general feature of first order QPTs. Similar
discontinuous behavior is also exhibited by the classical latent
heat in CPTs. This sudden change is not quantum reminis-
cent of classical latency rather a novel form of nonequilibrium
quantum latency.
Physically, the average amount of work required to cross
the critical point of a first order QPT vanishes with the “size”
of the quench W = δλw. However, as the system is driven
across the level crossing it inevitably becomes excited, even
for very slow evolution. Hence, to bring the system to its new
ground state following the quench, it must be attached to a
zero-temperature reservoir. During the equilibration process,
an amount of heat is dissipated from the system to the reser-
voir. The amount of heat transfer is given by the “excess”
energy in the system, which is exactly the irreversible contri-
bution to the quantum work [25]. Thus, we have a quantum
heat per quench
q = 〈wirr〉 (7)
as a universal feature of first order QPTs. However, again
Q = δλq goes to zero with the size of the quench, thus, there
is no heat release intrinsically associated to equilibrium first
order quantum phase transitions.
For  6= 0, the Landau-Zener Hamiltonian in Eq. (3) ex-
hibits an avoided crossing, analogous to a second order QPT
(see Fig. 1). Combining Eq. (5) with Eq. (2), we are able
to evaluate the irreversible work done following a weak sud-
den quench of the magnetic field strength. For a sudden
quench beginning at the critical value of the external parame-
ter λc = ∆/(2a), the irreversible work reduces to
〈Wirr〉 = −δλ
2
2
∂2E0( 6= 0)
∂λ2
∣∣∣∣
λ=λc
=
δλ2a2
2
. (8)
We see that as → 0 in Eq. (8), consistent with a second order
QPT in the thermodynamic limit, the irreversible work for fi-
nite quenches at criticality diverges. This is consistent with
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FIG. 1. (Color online.) Schematic representation of a level crossing
giving rise to a first order QPT and an avoided crossing leading to a
second order QPT as discussed in the main text. The corresponding
first and second order derivatives of the ground state energy are also
presented. For  = 0, the ground and excited states of the Landau-
Zener Hamiltonian (Eq. (3)) exhibit a level crossing as the external
field is tuned through the critical value λc = ∆/(2a), while for  6=
0, the energy levels exhibit an avoided crossing. In the case of the
level crossing, both derivatives are discontinuous. For the avoided
crossing, the first and second derivatives are continuous for finite 
and become discontinuous in the limit  → 0 as the turning point in
the ground state energy becomes a kink. As an aside, we note that the
Landau-Zener Hamiltonian is isomorphous to the Ising mean-field
Hamiltonian, which is accurate for the infinitely connected many-
body lattice [3].
the results of Refs. [9–13, 19] where the irreversible work
is shown to indicate second order QPTs. We also point out
the similarity between the irreversible work and the fidelity
susceptibility, which is also a good indicator of second or-
der QPTs [26–29] analagous to the thermal susceptibility in a
thermally driven second order CPT.
Recalling that low order transitions are associated with non-
analytical behavior in derivative of the energy of correspond-
ing order, we have explicitly shown how this thermodynami-
cal approach detects low order transitions. Having elucidated
the physical lack of latency in first order QPTs and reiterated
the utility of the irreversible work as a susceptibility in sec-
ond order QPTs, we now proceed to demonstrate these ideas
in quantum spin chains.
IV. QUANTUMMANY-BODY SYSTEMS
We choose the one-dimensional anisotropic XY Z spin
chain as the starting point for our investigation. This model
is fully equivalent to a spin-polarized extended Hubbard
model at half-filling, describing an effective system of spin-
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FIG. 2. (Color online.) Density matrix renormalization group
(DMRG) data (in units of J = 1) for the average work (filled
blue circles) and irreversible work (empty green circles) done in a
weak sudden quench of the XXZ hamiltonian with 112 sites and
δλ = 10−5. Here, we assume the presence of a small local energy
shift at one lattice site which lifts the degeneracy in the ground state
of the Hamiltonian. The data has a DMRG truncation error and en-
ergy convergence of≈ 10−9. The quench protocol we consider is an
instantaneous change of the Z-coupling δλ = λf − λi  1 with the
system initialized in the ground state of the initial Hamiltonian. Both
the average and irreversible work display a discontinuity at the criti-
cal point of the first order transition at λ = −2. On the left hand side
of the first order transition, the gapped spectrum of the ferromagnetic
phase enforces adiabaticity as the system cannot be taken out of equi-
librium by weak quenches within the same phase. This means that
the system is not excited by the quench and the sole contribution to
the average work is the change in internal energy. The discontinu-
ities at the critical point indicate work required to drive the system
from the ferromagnetic phase to the Luttinger liquid phase. The new
phase is characterized by a continuous energy spectrum and so sub-
sequent quenches can excite the system, leading to the dissipation of
work. In contrast, neither the average work nor the irreversible work
indicate the Berezinskii-Kosterlitz-Thouless transition at λ = 2.
less fermions [30, 31]. The Hamiltonian is given by
H =
∑
〈i,j〉
[
Jxσ
x
i σ
x
j + Jyσ
y
i σ
y
j +
λ
2
σzi σ
z
j + hσ
z
i
]
, (9)
where Jx(y) is the spin coupling along theX(Y )-axis, λ is the
coupling along the Z-axis and h is the external magnetic field
along the Z-axis. For a full discussion of the XY Z model
and its mapping to the fermion chain, see Ref. [20].
To proceed, we consider the XXZ Hamiltonian (Jx =
Jy = J) with no external field (h = 0). In the parameter
regime λ/J < −2 the ground state is ferromagnetically or-
dered (a fully-filled band insulator in the Fermi picture). A
first order QPT to a Luttinger liquid phase is brought about
by tuning λ/J to the regime |λ/J | < 2. At λ/J = 2
the system undergoes an infinite order Berezinskii-Kosterlitz-
Thouless QPT to an anti-ferromagnetic phase (a charge den-
sity wave phase in the fermionic picture). In Fig. 2 we show
numerical results for the average work and irreversible work
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FIG. 3. (Color online.) Exact numerical results for the average work
and irreversible work induced by a sudden quench of the external
magnetic field h in the XX model. This model incorporates a sec-
ond order QPT from a ferromagnetic phase for h/J  1 to a para-
magnetic phase for h/J  1, with the critical point occurring when
the external field is two times the internal coupling h = 2J . The
phase diagram exhibits a discontinuity in the average work and a di-
vergent irreversible work at the critical point. This behaviour reflects
the relationship between the irreversible work and fidelity suscepti-
bility discussed in the main text.
done following a series of weak sudden quenches across the
phase diagram, passing through both critical points. The work
and irreversible work exhibit the discontinuous behavior pre-
dicted in our analysis of the Landau-Zener model. The origin
of the discontinuity in the irreversible work, can also be ex-
plained phenomenologically in this instance; As the magne-
tization of the two phases is different, the dynamics induced
by quenching the Hamiltonian in Eq. (9), which preserves the
total magnetization, are not able to convert one phase to the
other. To drive the transition, a zero-temperature reservoir
must be attached to the system at the end of the quench pro-
tocol, bringing the system to its new ground state. Physically,
this corresponds to electromagnetic energy exchange between
the system and the environment, which is consistent with heat
exchange during a cooling process.
For completeness, we mention that neither the work nor the
irreversible work indicate the Berezinskii-Kosterlitz-Thouless
transition at λ/J = 2 (see Fig. 2). This is expected since
the Berezinskii-Kosterlitz-Thouless transition is of infinite or-
der and is, therefore, not captured by the finite order non-
equilibrium thermodynamical approach we adopt here.
We now turn our attention to second order QPTs. In Fig. 3,
we plot the numerically exact results for the average work and
irreversible work done by quenching the external field in the
XX model (λ = 0 and Jx = Jy = J in Eq. (9)). We see
that the average work has a discontinuous derivative at the
QPT and, thus, the irreversible work shows singular behav-
ior at the critical point, consistent with its interpretation as a
susceptibility. The thermodynamic properties of the second
order QPT in the transverse Ising model (λ = Jy = 0 and
Jx = J in Eq. (9)) have been extensively studied [9–13, 19]
and shown to exhibit the same global features in the phase
diagram. We also note that, in these specific cases, the aver-
age work 〈W 〉 = δh∑i〈σzi 〉 is given by the order parameter
of the model. The XX spin chain thermodynamical analysis
seems to be connected to a geometric analysis given in [32].
There the geometric phase and its derivative can be written as
a function of the derivatives of the ground state energy with
respect to the field strength i.e., the order parameter of the
model.
V. CONCLUSION
In this work we have analyzed the statistics of work done
on general classes of quantum critical models by infinitesi-
mal sudden quenches of a control parameter. We show that
first order QPTs exhibit a discontinuity in the work distribu-
tion similar but not analogous to the classical latent heat, such
that quantum latency is intrinsically a nonequilibrium phe-
nomenon. As a final remark, we point out that recent pro-
posals to measure the statistics of work by means of an ancil-
lary system [33, 34] (see also [35] for an extension to open
systems) can be extended to the many-body domain [36] and
used to verify our findings, hence bringing pure state thermo-
dynamics into the laboratory.
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